Introduction
We consider nonnegative solutions of the initial value problem for a weakly coupled system u it ¼ Du i þ u 
When (2) holds we say that the solutions blows up in finite times.
The blow-up and the global existence of solutions are studied by EscobedoHerrero [1] in case N ¼ 2, and the following results are proved there (I) If 2 maxfp 1 þ 1; p 2 þ 1g b dðp 1 p 2 À 1Þ, then T Ã < y for every nontrivial solution uðtÞ of (1); (II) If 2 maxf p 1 þ 1; p 2 þ 1g < dð p 1 p 2 À 1Þ, then there exist both nonglobal solutions and non-trivial global solutions of (1) .
In this article we shall first treat blow-up solutions. We can use it to simplify the proof of (I) (Theorem 3.2 and 3.6). Moreover, requiring the polynomial decay of initial values u 0 , say, u 0i @ l m i ð1 þ jxjÞ Àa i ði A N Ã Þ where l, m i and a i ði A N Ã Þ are all positive, we obtain another cuto¤ of a ¼ ða 1 ; a 2 ; . . . ; a N Þ which divides the blow-up case and the global existence case when
The new cuto¤ will be the vector
which solves
. .
Note that with the use of a, the first cuto¤
In the second half of the article we consider the large time behavior of global solutions. Not only the precise decay estimate (Theorem 4.1) but also the asymptotic profile (Theorem 6.1) are obtained for a class of vector a ¼ ða 1 ; a 2 ; . . . ; a N Þ in the domain fa; a i > a i ; i A N Ã g. For these purposes a scaling argument for solutions uðx; tÞ will play an important role. When N ¼ 2, these problems have been studied by K. Mochizuki [3] . In this paper, we extended this to the case N b 3.
Preliminaries
We first recall the local solvability of the Cauchy problem (1) . We use the notation SðtÞx to represent the solution of the heat equation with initial value xðxÞ:
For arbitrary T > 0, let
where 
Proof. It is obvious (see [2] , [3] ). r
We consider in E T the related integral system
where i A N Ã . Note that in the closed subset P T of E T , (1) is reduced to (6) .
Next, we obtain a necessary condition for the global existence of solutions. Let r e ðxÞ ¼ ðe=pÞ d=2 e
Àejxj

2
, e > 0. For a solution uðtÞ A E T of (1) we put
Since ÀDr e a 2der e ðxÞ, the pair f2Ne; r e ðxÞg is regarded as an approximate principal eigensolution of ÀD in R. With this fact and Jensen's inequality we easily have By the scaling with (3) f i ðtÞ ¼ ð2deÞ
we obtain the simpler system of equations
Lemma 2.2. Let f ðtÞ ¼ ð f 1 ðtÞ; f 2 ðtÞ; . . . ; f N ðtÞÞ be the solution to (10) with initial data
If f 0 is su‰ciently large, then f ðtÞ blows up in finite time. Moreover, the life span T 0 of f ðtÞ is estimated from above like
Proof. Multiplying e t on the both sides of (10) and integrating it, we obtain
. . .
Let f 0 > 1 be choosen large enough to satisfy
We shall first show that under this condition f ðtÞ > 2 for any 0 < t < T 0 . Assume contrary that there exist 0 < t 1 < T 0 such that f ðtÞ > 2 in 0 a t < t 0 and f 1 ðt 1 Þ ¼ 2. Then it follows from (13) and (14) that
and a contradiction occurs. Next, we shall show that lim t!T 0 f ðtÞ ¼ y ðT 0 a yÞ. Assume contrary that there exist a sequence ft j g such that
We choose e > 0 and t Ã > 0 to satisfy M < ðM À eÞ p 1 p 2 ÁÁÁp N and f ðtÞ > M À e in t Ã < t < T. It then follows from (13) that
Noting (12), we now conclude
To complete the assertion we put hðtÞ ¼ f 1 ðtÞ f 2 ðtÞ Á Á Á f N ðtÞ. Then by (10) and Young's inequality, h 0 ðtÞ b ÀNhðtÞ þ C 1 ðpÞhðtÞ
Integrating this, we obtain
Since p 1 p 2 Á Á Á p N > 1, this and (15) show that hðtÞ blows up in a finite time and the life span T 0 is estimated by (11). r
Let us consider the solution f e ðtÞ ¼ ð f 1e ðtÞ; f 2e ðtÞ; . . . ; f Ne ðtÞÞ of (9). As is shown in this above lemma, there exist
then f e blows up in finite time. Moreover, its life span is estimated from above by ð2deÞ À1 T 0 . 
Then T
Ã < y holds for every solution uðtÞ of (1).
Proof of Theorem 3.2 and 3.3. These Theorem can be shown by the same argument the case N ¼ 2 (See [2] , [3] , [7] ). r
In the rest of this section we consider the critical case max i A N Ã fa i g ¼ d. We suppose a 1 ¼ d. Let uðtÞ A E T be a nontrivial solution of (1). By Lemma 3.1 we may assume u 10 b Ce holds for any t b 0 and e > 0. Thus, choosing e ¼ ð4tÞ À1 , we obtain
Àd=2
This and (20) contradict to each other if T Ã ¼ y.
The proof of Theorem 3.5 is thus complete. r
Global Existence and Decay Estimates
In this and next section we require max i A n Ã fa i g < d, and treat the existence and large time behavior of global solutions of (1). Note that our condition imply that there exists i A N Ã such that p i > 1 þ 2=d. Similar results are also obtained 
Þ ð24Þ
We
Proof. See [2] , [3] . r 
Moreover, using that ða þ bÞ
and 
(ii) G maps X into itself and
Proof. (i) By (25) and (26), we obtain where by the same reason.
(ii) By (25) and (26) 
